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Abstract 

The topological invariants of gapped time reversal invariant lattice superconductors are studied 
by mapping the superconducting mean field Hamiltonian to a Bloch Hamiltonian. There is a single 
Z2 invariant in two dimensions and four such invariants in three dimensions. We briefly discuss 
the properties of states with non-trivial topological invariants. 

PACS numbers: 
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I. INTRODUCTION 



Various interesting properties of the time reversal symmetry breaking p x + ip„ supercon- 
ductor arise due to its non-trivial topological properties in momentum space |l|. A Hopf 
term in the effective action leads to a quantized value of the Hall conductivity for spin. A 
topological phase transition is also predicted to occur as the strength of the coupling be- 
tween fermions in such a system is changed [2j. This system also supports Majorana fermion 
excitations which are responsible for the non-abelian statistics of the half quantum vortices 
0,0]. Zero energy edge modes and a chiral current at the edge which lead to a quantized 
angular momentum of such a system are also expected to occur [5|. The non-trivial topology 
of p-wave states also lies at the heart of the so called "angular momentum paradox" . (For 
a discussion, see jf]]). 

In this brief note, we propose to study the topological invariants of ground states of 
gapped lattice superconductors where time reversal invariance is not spontaneously broken. 
This work is motivated by recent progress in the topological characterization of band insu- 



lators 



111 ] . We also give examples of superconductors with trivial and non-trivial 



Z 2 indices and state their properties. In analogy with band insulators, lattice superconduc- 
tors have also been characterized by Chern numbers 13 1. Such a description is however 
less useful in the time reversal invariant case. 

It was realised from a study of models for the quantum spin Hall effect, that there is a 
Z2 invariant in two dimensions which characterizes band insulators, whose connection with 
the usual Chern numbers leads to robust edge states 
there are four such invariants in three dimensions 



0H 



. More recently, it was found that 
The connection with the Pfaffian 



matrix and surface states was discussed in Il4|. Here, we show how one can adapt these 

n 

results to characterize gapped time reversal invariant lattice superconductors [19]. 



II. INVARIANTS FOR SUPERCONDUCTORS 



Superconductivity arises from Cooper pairing of fermions and can occur in the presence 
of an arbitrarily weak attractive interaction between them. It is usually accompanied by 
the formation of a gap at the Fermi surface, though this gap can vanish at specific points or 
lines of points. Here we shall consider multi-band superconductors which are known to have 
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interesting properties such as novel collective modes [3| and "interior gap superfluidity" 
Q. 

To capture the pairing between the particles, one can write down a mean field BdG 
Hamiltonian of the form 

Hsogoiiubov = Hijdlcij + (A^-afaj + A^-c^eii) (1) 

The form of the gap can be determined self consistently from the microscopic Hamiltonian 
from which the mean field BdG Hamiltonian is derived. Here we shall assume that the gap 
and hence the BdG Hamiltonian can take various functional forms in momentum space, and 
study the consequences of its global topology without worrying about how such a mean field 
Hamiltonian might arise from a microscopic Hamiltonian. 

In a periodic potential, a multi-band BdG Hamiltonian can be written as 



H= dk 



haA k ) a l,k a P,k + (&aA k ) a l,k a l,-k + M ( 2 ) 

where k = (kx, .., k n ), dk = Y[d=i , and a a ,k, a> a k are annihilation and creation operators 
corresponding to Bloch states with band indices a, (3. When time reversal invariance is a 
symmetry of the system, we can write the Hamiltonian in terms of sets of time reversed 
pairs of bands \^f{k)), such that the operation of time reversal on eigenstates which 

belong to these bands is Q\(\j(k))) = \*\u(—k)), QX(\uj(k))) = — A* — A;)) for an arbitrary 
complex number A. 

Using the Nambu formalism, we can write the Hamiltonian as 



HbcLG = I <lf< 
where vp T (k) = (a a ^ «l_fc) and 

H 



i)\k)Hij){k) + 2 tr ( i? ) 



(3) 



h a ,/3 



With the above BdG Hamiltonian, one can associate a Bloch Hamiltonian of the form 

H Bl = J dk(f>\k)H4>{k) (4) 

where <p T {k) = (a atk d ak ) where annihilation operators corresponding to a new set 

of Bloch bands equal in number to the original set of {a}. 



We consider a system which has a non-vanishing gap. The superconducting ground 
state then is the one that corresponds to all the negative energy eigenstates of the Bloch 



Hamiltonian Hbi being fi 



It was shown in 



led. 

that a set of Z 2 indices can be defined for such a system, which 



stay invariant when the Hamiltonian is adiabatically changed in such a way that the gap 
never vanishes. The extra structure of the BdG Hamiltonian, namely the skew symmetry of 
A and the form of HsdG does not change this result. Thus we see that in two dimensions, 
there is a single Z 2 invariant which can be used to characterize gapped time reversal invariant 
lattice superconductors, while in three dimensions, there are four such invariants. 
In two dimensions, the Z 2 invariant can be calculated by the formula : 

E = | c n |mod 2 (5) 

c„>0 

where c n are the Chern numbers of the filled bands of Hbi and the sum is taken over the set of 
bands which have positive Chern numbers. In three dimensions, there are four Z 2 invariants. 
For a cubic Brillouin zone, one each can be associated with three distinct faces, while the 
fourth one characterizes the trapped monopole charge in momentum space. Ordinary s-wave 
superconductors in two and three dimensions belong to the class with all Z 2 indices zero. 

A simple 2-d tight binding model with a non-trivial Z 2 index for the p-wave state can be 
written as 

h a ,p{k) = [ — 2i(cos(fe E 6) + cos{k y b)) — n}5a,p (6) 
A(k) = 2iA x (sm(k x b)I + i sm(k y b)a 3 ) (7) 

where the matrix indices correspond to spin components along the z axis. The low energy 
effective Hamiltonian shows that this corresponds to two p-wave superfluids with order 
parameters p x +ip y and p x —ip y for the two spin components. Since the Z 2 index is intimately 
connected with the Chern numbers, our analysis shows that the above state also has the 
non-trivial properties of a p x + ip y superfluid. Thus this state will also have half quantum 
vortices with non-abelian statistics as well as robust edge states though the net current and 

he angular momentum will be zero. In contrast, the superconducting d x 2_ y 2 + id xy state 

~y\ with gap function 

A(k) = A x 2^ y 2[cos(k x b) — cos(k y b)]I + ia^A xy sm{k x b) sm.{k y b) (8) 
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is topologically equivalent to the s-wave state with no edge states. 

In three dimensions, an exotic superconductor analogous to the exotic insulator with 
trapped monopoles in momentum space is also possible. The three dimensional super- 
conductors with non-trivial Z 2 indices will have various surface states analogous to the ones 
in Q| . Models for the exotic superconductor can be also be written down analagous to the 
insulator states. 

I would like to express my gratitude to Prof. Michael Stone and Prof. Sheldon Katz for 
extensive discussions which have greatly helped my understanding of the subject and the 
Deparment of physics at the University of Illinois for support. 
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